Abstract. Adapting focal loci techniques used by Chiantini and Lopez, we provide lower bounds on the genera of curves contained in very general surfaces in Gorenstein toric threefolds. We illustrate the utility of these bounds by obtaining results on algebraic hyperbolicity of very general surfaces in toric threefolds.
1. Introduction 1.1. Background. Let Y be a smooth variety over C. The variety Y is said to be algebraically hyperbolic if there is an ample divisor H on Y and some > 0 such that for every integral curve C ⊂ Y ,
2g(C) − 2 ≥ (C.H).
Here, g(C) is the geometric genus of C. This has been conjectured by Demailly [D] to be equivalent to Brody hyperbolicity, see e.g. [B1] .
The algebraic hyperbolicity of very general surfaces in P 3 is now completely understood. Xu [X] improved on results of Ein [E] to show that for very general S of degree d at least 5,
where H is the hyperplane class on S, implying that very general surfaces of degree at least 6 are algebraically hyperbolic. This was recently further improved by Coskun and Riedl [CR] to the bound
showing that also a very general quintic surface is algebraically hyperbolic. Surfaces of degree at most four contain rational curves, and hence cannot be algebraically hyperbolic. Very general surfaces in P 3 are nonetheless very special; for example, very general surfaces of degree at least four always have Picard number one by the Noether-Lefschetz theorem. In this article, we will expand the study of algebraic hyperbolicity to a much larger class of surfaces, namely, very general surfaces in Gorenstein toric threefolds. 1.2. Approach and Results. Xu's bound (1) was originally obtained using a delicate analysis of the behaviour of curve singularities under deformation. This bound was subsequently reproven by Chiantini and Lopez using the techniques of focal loci [CL] . It is these focal loci techniques that we use to generalize the bound (1) to very general surfaces in a Gorenstein toric threefold X.
Our strongest result (Theorem 3.6) is a bit technical to formulate, but to give a preview we state the following weaker result here: Theorem 1.1. Let X be a Gorenstein toric threefold with torus T and let D be a very ample divisor giving a projectively normal embedding. For m ≥ 2, let S be a very general surface in |mD| and C ⊂ S an integral curve that is not contained in the toric boundary X \ T of X. Then the geometric genus g of C satisfies g ≥ C.
((m − 1)D + K X ) 2 + 1.
Although the above theorem only covers curves not contained in the toric boundary, the surface S contains only finitely many curves contained in the toric boundary. Their genera may be determined using combinatorial methods, see Lemma 4.1. In the case that X = P 3 , we may take D to be the hyperplane section H, and K X = −4H. The bound resulting from our Theorem 1.1 becomes the same as that of (1) with the constant term decreased by one.
Applying our stronger bound (Theorem 3.6) we are able to obtain results on algebraic hyperbolicity. In general, we can show the following. Theorem 1.2. Let X be a Gorenstein projective toric threefold with nef cone denoted by Nef (X) . There exists an ample divisor class H 0 such that for all divisors D whose class lies in H 0 + Nef(X), a very general surface S ∈ |D| is algebraically hyperbolic.
For specific toric threefolds, we have stronger results: Theorem 1.5 (See Example 6.4). Let X be the blowup of P 3 at a point, H the pullback of the hyperplane class, and E the exceptional divisor. The nef cone of X is generated by H, H −E, and a very general section S of O(aH + b(H − E)) is algebraically hyperbolic if a ≥ 3, b ≥ 4 or a = 2 and b ≥ 7.
We can even apply our methods in non-Gorenstein cases: Theorem 1.6 (See Example 6.5). Let X be the weighted projective space P(1, 1, 1, n) and H the ample generator of Pic (X) . A very general section S of mH is algebraically hyperbolic if n ≥ 3, m ≥ 4 or n = 2, m ≥ 5.
The bounds we obtain for algebraic hyperbolicity in these theorems are close to sharp, leaving only a few cases unresolved. See Section 6 and Question 6.6 for details.
1.3. Other Related Work. The arguments of [X, CR] make strong use of the Noether-Lefschetz theorem: any curve on a surface S ⊂ P 3 of degree at least 5 is a complete intersection of S with some other divisor. On the other hand, [CL] largely avoids using this fact. We also do not use (a toric analogue of) this fact for our main results. However, Bruzo and Grassi have shown that a Noether-Lefschetz type theorem does hold for some toric threefolds, see [BG1, BG2] . We can use this in some situations to obtain better lower bounds on the intersection numbers of our curves C with divisors on X.
Our Theorem 1.2 is related to [B2] , which shows that for any smooth projective variety X, there exists a number m 0 such that for any ample divisor H and all m ≥ m 0 , a general hypersurface in |mH| is Brody hyperbolic. In particular, such a general hypersurface is algebraically hyperbolic. While this result applies in considerable more generality than our Theorem 1.2, it does not imply the latter.
While we are giving lower bounds on the geometric genus of curves on a very general surface S contained in a toric threefold X, one may instead ask for upper bounds on the genus. In the situation that toric Noether-Lefschetz applies, such curves are complete intersections in the toric threefold X of S with some other divisor E. As long as E is nef and big, the genus of a generic curve of this type can be computed using the method of Danilov and Khovanskii from [DK] ; this gives an upper bound on the genus of any curve of this type.
1.4. Organization. We now describe the organization of the remainder of this paper. In Section 2, we recall basics on the theory of focal sets and adapt several claims from [CL] to our setting. The hard work of the paper is done in Section 3, where we prove our main technical Theorem 3.6. Section 4 recalls some of the combinatorics associated with toric varieties and uses this to formulate sufficient conditions for applying Theorem 3.6. We put this all together in Section 5 to prove our main Theorems 1.1 and 1.2. Finally, in Section 6 we consider a number of examples and prove Theorems 1.3, 1.4, 1.5, and 1.6.
In this section, we adapt the techniques of focal loci for our purposes (see e.g. [CC] ). We let X and B be smooth varieties over C, with X projective. Consider a subvariety W ⊂ B × X flat over B with integral fibers, together with a desingularization V → W . After shrinking B, we may assume that the composition π : V → B is a smooth morphism, see [H1, Corollary III.10.7] . We thus have the following maps:
Here, p B and p X are the projections onto B and X, respectively.
This induces the following diagram of sheaves on V with exact row and column:
The exact column arises by pulling back the exact sequence of vector bundles
The sheaf N φ is defined as the cokernel to the differential map T V → φ * (T B×X ) and is called the normal sheaf to φ. If V = W , that is, φ is a closed embedding, then N φ is just the normal sheaf for this closed embedding (and is in particular locally free since V and X are smooth, see e.g. [H1, II.8] ). In particular, we see that any torsion of N φ is supported on the preimage in V of the singular locus of W .
The map λ : (p B • φ) * (T B ) → N φ is called the characteristic map for the family π. Its rank equals
see [CC, §1] . Note that the arguments in loc. cit. apply verbatim when replacing projective space with our variety X. For any point η ∈ B, let V η be the fiber over η with φ η : V η → X the restriction of φ. Restricting the characteristic map λ to this fiber gives the map [H2, Theorem 2.4] . In this situation, λ η is the map sending a tangent vector of T B,η to the section of H 0 (V η , N φη ) associated to the first order deformation obtained by restricting π to this tangent direction.
More generally, if we restrict λ η to the open subset of V η avoiding the singular locus of W , we locally have a similar description of the map.
Example 2.2. We illustrate the above with a non-projective example.
Then W = V is already smooth over B. We consider the point η = 0 ∈ B and set R = C[x, y], S = R/ y − x 2 . The map λ η has the form
This map has rank one everywhere except at the point (0, 0), where the rank drops to 0.
For sufficiently generic η ∈ B, the rank of λ η agrees with that of λ. This is important for the following definition: Definition 2.3 (cf. [CL, Definition 2.2] ). Assume that rk λ η = rk λ. The global focal set F η of the fiber V η consists of all those points v ∈ V η at which the rank of λ η drops, that is, is smaller than dim p X (W ) + dim B − dim W .
1
Example 2.4 (Example 2.2 continued). The global focal set in the fiber over t = 0 of W = V (y − (x − t)
2 ) consists exactly of the point (0, 0). This may be interpreted geometrically as follows. The family W is translating the parabola V 0 = V (y − x 2 ) in the x-direction; in particular, the point (0, 0) is only contained in the fiber for t = 0. However, since the line y = 0 (in the direction of translation) is tangent to V 0 at (0, 0), this is detected by the global focal set of V 0 . See Figure 1. For us, the following lemma will play a similar role to [CL, Proposi- Proof. Consider some affine chart Spec S of X containing the image of v, and let I be the ideal of W η in this chart. Since v ∈ V η is mapping to a smooth point of W , we may assume that on this chart, V η = W η , and the families V and W agree. Furthermore, since v is a smooth point of both V η and Y η , V η is (locally) a complete intersection in Y η , given say by equations
A tangent vector in T B,η determines a first-order embedded deformation W of W η obtained by pulling back the family W ; the corresponding element in Hom(I, S/I) is exactly the image of this tangent vector under λ η after restricting to the intersection with the chart Spec S. The family W (intersected with the chart Spec S) is given by an ideal I whose elements are of the form f + f for f ∈ I and some f ∈ S. The map f → f is exactly the element of Hom(I, S/I) corresponding to this deformation; here f is the image of f in S/I. See e.g. [H2, Proposition 2.3]. Since the family W is contained in the family Y , note that the element f 0 ∈ S corresponding to f 0 may be taken to be the same as the element f 0 defining the pullback of the family Y to the tangent vector of T B,η . Let J be the ideal in S of the point v. Restricting λ η to v means taking the map f → f as an element of Hom(I, S/J). Since v is a fixed point of the family Y , we have f 0 ∈ J. On the other hand, Hom(I, S/J) is a free module of rank k + 1, since one can choose the images of f 1 , . . . , f k , f 0 freely. We have seen that under λ η restricted to v, the image of f 0 is always zero. Hence, at v, λ η can have rank at most k = dim X − 1 − dim V η , which is smaller than rk λ η = dim X − dim V η = k + 1.
We now specialize to the situation where the fibers of π are onedimensional, that is, V η is a smooth curve. Let g denote its genus.
Proposition 2.6. Assume that dim p X (W ) = dim X and the characteristic map λ η has the same rank as λ. Let F • η be the subset of F η mapping to the smooth locus of W η . Then
Proof. We adapt the arguments of [CL, Proposition 2.4] . Using the exact sequence
we obtain that
Although the first two terms in the above exact sequence are locally free, N φη might have torsion; let T denote the torsion subsheaf. It is supported on those points of V η mapping to the singular locus of W η .
Consider the composition λ η
The sheaf on the right is now torsion free, hence locally free, since V η is a smooth curve. Furthermore, the generic rank of λ η is the same as the rank of λ η , so the set F
• η is contained in the locus where λ η drops rank.
We now claim that the degree of the locus where λ η drops rank is at most c 1 (N φη /T). Indeed, since dim p X (W ) = dim X, the rank of λ η is dim X − 1, which is the same as the rank r of N φη /T. Hence, λ η is generically surjective. We can thus choose a rank r free subsheaf E = O r Vη of T B,η ⊗ O Vη such that the restriction of λ η to E still has rank r. Now, the locus where this restriction (λ η ) |E drops rank certainly contains the locus where λ η drops rank.
If (λ η ) |E never drops rank, the claim is trivial. Otherwise, the locus where it drops rank has codimension 1 = (rk E − (r − 1))(rk N φη /T − (r − 1)). This is the "expected codimension" of this degeneracy locus, so we can apply the Porteous formula for degeneracy loci ( [P] or [KL, Corollary 11] ). We conclude that the degree of this locus is
We now obtain that deg F
To conclude, note that T is a direct sum of sheaves supported on a point. Using the standard exact sequence
for any point P ∈ V η , we see that a skyscraper sheaf has c 1 = 1. It follows that c 1 (
Bounding the genus
Let X be a Gorenstein projective toric threefold with torus T . We are interested in lower bounds on the genus of curves contained in general hypersurfaces in X. By the toric boundary of X we mean the complement in X of the open torus orbit T .
Let D and E 1 , . . . , E be effective, non-trivial torus invariant divisors on X. For each i, let Q i be a basis for H 0 (X, O(E i )) consisting of torus equivariant sections. The elements of each Q i are uniquely determined up to scaling by a unit of C.
and where a ∈ Q i , b ∈ Q j are connected by an edge if and only if there
Example 3.2. For illustrative purposes, we consider a section graph for Figure 2 . Observe that (D; E 1 ) and (D; E 2 ) yield the respective induced subgraphs which are not connected. Definition 3.3. In the above setting, we say that the configuration of divisors (D; E 1 , . . . , E ) has connected sections if
(1) The section graph G is connected; (2) The union of the images of Example 3.4. Let H be a torus invariant plane in P 3 . Then for any
In § §4.2,4.3, we will give combinatorial criteria for a configuration of divisors to have connected sections.
Remark 3.5. Very often, we will only consider a configuration of divisors of the form (D; E) , that is, = 1. However, allowing for > 1 will give us the flexibility we need to get more refined results, see Example 6.2.
We now come to our main technical result, from which all other results will follow. Theorem 3.6. Let D and E 1 , . . . , E be effective, non-trivial basepoint free torus invariant divisors on a Gorenstein projective toric threefold X. Assume that this configuration has connected sections, and that D is big.
Let S ∈ |D| be a very general surface and C ⊂ S any integral curve that is not contained in the toric boundary of X. Then the geometric genus g of C satisfies
Proof. The first thing that we do is show that we can reduce to the case that X is smooth:
Lemma 3.7. Assume that Theorem 3.6 is true under the additional assumption that X is smooth. Then it also holds for X with Gorenstein singularities.
Proof. Any Gorenstein toric threefold X admits a toric crepant resolution π : X → X, see [HPPS, Proposition 1.1 and §1.2.4] . By crepant, we mean that π * (K X ) is equivalent to K X . We denote the common torus of X and X by T . If D, E 1 , . . . , E satisfy the hypotheses of the theorem for X, then their pullbacks
satisfy the hypotheses with respect to the threefold X. Let S be a very general surface in |D|, and C any curve on S not contained in the toric boundary. Let S be the closure of S ∩ T in X.
Applying the theorem in the smooth case, we obtain
where the second equality follows from the projection formula. But π * ( C) = C, and the claim follows.
Using this lemma, we will always assume in the following that X is smooth. The idea of the proof, similar to [CC, Theorem 1.3] , is to construct an appropriate family of curves, show that it has a sufficiently large focal set, and then apply the genus bound from Proposition 2.6.
To begin, fix some number g not satisfying the lower bound of the theorem, and fix numerical invariants ν determining a Hilbert scheme Hilb = Hilb ν of curves in X. Let Hilb be the locus of Hilb parametrizing integral curves C with geometric genus g. This is a locally closed Tinvariant subscheme. Indeed, the locus of geometrically integral curves is open by [G2, 12.2.1(x) ]. Geometric genus is lower semicontinuous by [DH, Proposition 2.4] , so the subscheme parametrizing curves of fixed geometric genus is locally closed. The projective space P(H 0 (O(D))) parametrizes surfaces in X of class [D] . We now consider the incidence scheme
This is a closed T -invariant subscheme of Hilb
Let Z be any irreducible component of I, taken with the reduced structure. Then Z is also invariant under the T action. We will show that as long as Z contains a pair (C, S) with C not contained in the toric boundary of X, the image of Z under ρ cannot be dense in
The complement of the union of the images of such Z as ν varies (over a countable set) is a very general subset of P(H 0 (O(D))), and by construction, no surface S in this set contains an irreducible curve of genus g not contained in the toric boundary. Hence, the theorem follows.
To show the claim of the previous paragraph, assume that Z contains a pair (C, S) with C not contained in the toric boundary of X, and the image of Z under ρ is dense in
) contained in the image of ρ. Furthermore, ρ has an étale section ([G3, 17.16.3(ii) Pulling back the universal family of Hilb ×P(H 0 (O(D)) along σ gives a family W ⊂ B × X → B of integral genus g curves such that for any η ∈ B, the curve W η is contained in the surface
Lemma 3.8. We may choose the section σ such that the image of W in X is dense in X.
Proof. Let T be the torus of X, which acts linearly on P(H 0 (O(D))). Let H be the kernel of this action, and T = T /H; this is also a torus, which now acts faithfully on
After possibly shrinking U (and hence B), we can find a subvariety L ⊂ U such that the rational map T × L U coming from the torus action is birational. Indeed, the open torus of
) is a trivial T -bundle, so it has such a section L. Furthermore, since a general fiber of the family W is not contained in the toric boundary, we obtain that for a general η ∈ ψ −1 (L), W η is also not contained in the toric boundary.
Take B to be the locus of T × ψ −1 (L) on which the composition
is étale (and regular). This is non-empty, since T × L U is birational, and T → T and ψ are étale. We extend the section
Here we are using the induced T -action on Hilb (and thus on Z). We let W denote the pullback of the universal family of Hilb ×P(H 0 (O(D))) along σ . By construction, the image of W in X contains the dense torus, since for general η ∈ ψ −1 (L), W η is not contained in the toric boundary.
We now consider a desingularization V of W (possibly shrinking B) so that we are in the situation of §2. Fix some general point η ∈ B. The surface Y η is the vanishing locus of a section of O(D), say f . By assumption, the curve W η is not contained in the toric boundary of X. Furthermore, since X is smooth and D is basepoint free, Y η is smooth.
For any surface S ⊂ X set
This is the preimage under ψ of a linear subspace of U ; in particular it is smooth.
Lemma 3.9. For some i and for a generic S ∈ |E i |, the characteristic map for the family V over B(S ) has rank 2 at the point η.
Proof. For any section
s denote the corresponding surface in X. Let G be the section graph for the divisors (D; E 1 , . . . , E ) (see Definition 3.1).
Suppose that sections a ∈ H 0 (X, O(E i )) and b ∈ H 0 (X, O(E j )) form an edge in the graph G. We will show that the characteristic map at η for the base B(Y 
) span the entire space, it follows that the union of the tangent spaces of Y i s at η span the tangent space of B at η. Since η was general in B and the dimension of the image of W in X is three, it follows by (2) that the characteristic map at η for the base B has rank two (see §2). We may now apply [CL, Lemma 3 .1] to the characteristic map to conclude that for some subspace T η B(Y We can now finish the proof of the theorem. Let S ∈ |E i | be as in the lemma above. We will now restrict the families W and Y to B(S ); by abuse of notation we will still denote them by W and Y . The content of the above lemma was that over B(S ), the characteristic map for the family W has rank two at η, which is also its generic rank. Next, we wish to apply Lemma 2.5.
We had already noted above that Y η is smooth. Since E i is basepoint free, we may assume that S intersects W η transversely and does not contain any point of the singular locus of W η . Furthermore, since we had chosen η generically, the family W is smooth at a generic point of W η , and this remains true after restricting to the base B(S ) [H1, III.10.1]. Since B(S ) is itself smooth at η, we conclude by loc. cit. that W η is not contained in the singular locus of W . Thus, we may choose S so that S ∩ W η does not contain any point of the singular locus of W . Finally, we notice that S ∩ W η is contained in every surface Y b for b ∈ B(S ). By Lemma 2.5, we conclude that the global focal set of V η contains W η ∩ S .
This implies that the degree of F
• η (for the family over B(S )) is at least C.E i . On the other hand, since the rank of the characteristic map at η has rank 2, we may apply Proposition 2.6 to conclude that
a contradiction. Hence, the image of Z under ρ cannot be dense in
, and the theorem is proved.
Remark 3.10. In the proof of Theorem 3.6, the fact that X is toric plays a relatively minimal role. We first use the existence of crepant resolutions for toric threefolds to reduce to the smooth case in Lemma 3.7. We then use the torus action in Lemma 3.8 to obtain a section such that the image of the family is dense in W . Finally, we use in the proof of Lemma 3.9 that we may work with explicit equations in the coordinate ring of T . We suspect that the above proof can be adapted to work in other situations where X admits an action with an open orbit by some algebraic group G, for example, when X is an abelian or spherical variety.
Combinatorial Interpretation and Results

Toric Varieties and Polytopes.
In this section we introduce notation and recall some basic facts about toric varieties. For more details we refer to [CLS, § §2.3, 4.1, 4.2] or [F, Section 3.4] .
Let N ∼ = Z n be a lattice with dual lattice M = Hom(N, Z) and associated vector spaces N R := N ⊗ Z R and M R := M ⊗ Z R. To a complete rational fan Σ in N R we associate the toric variety X = TV(Σ), a normal equivariant compactification of the algebraic torus . It fits into a short exact sequence (cf. [CLS, Thm. 4 
The ρ-coordinate of the map ι : M → Z Σ[1] is given by m → v ρ , m where v ρ ∈ N stands for the primitive generator of the ray ρ. The sequence (3) implies that every divisor class contains a T -invariant
. To the latter, we can associate the polyhedron
which is bounded because we assumed Σ to be complete. Linearly equivalent invariant divisors yield polytopes which differ by a translation from an element of M . The image of the polytope P under ι can also be recovered from (3):
≥0 − a . If Cl(X) is torsion free, then the sequence (3) splits, so the polytope P is lattice equivalent to ι(P ).
The lattice points in P provide an equivariant basis for the global sections:
where χ u : T → C * is the character corresponding to u ∈ M . When X is projective, D is ample if and only if Σ is the normal fan of P .
Further, D is Cartier if there is a continuous function ϕ
Then, D is nef if and only if ϕ D is convex which is equivalent to P being the convex hull of the lattice points m σ , Σ refining the normal fan of P , and all inequalities in (4) being tight. If D and D are nef, then
, where the addition here is the Minkowski sum. We recall also that for toric varieties, being nef is the same thing as being basepoint free.
Let now D be a basepoint free Cartier divisor on a toric threefold X. The following lemma lets us give a lower bound on the geometric genus of curves contained in the intersection of a general surface in D with the toric boundary:
Lemma 4.1. For S ∈ |D| a general surface and C ⊂ S an irreducible curve contained in the toric boundary of X, C = S ∩ D ρ for some ρ ∈ Σ[1] corresponding to a facet F ≺ P (D) . The geometric genus of C equals the number of interior lattice points of F .
Proof. Since C is irreducible, it must be contained in S ∩ D ρ for some ray ρ. The restriction of D to D ρ is basepoint free, and D ρ has isolated singularities, so by choosing S general we may assume that S ∩ D ρ is smooth for all ρ; it follows that C = S ∩ D ρ and C is smooth.
The statement concerning the geometric genus of C now follows from [CLS, Prop. 10.5.8.] , since C is smooth.
Connected Sections and Markov Bases.
In this section, we will relate the notion of connected sections (Definition 3.3) to the notion of a Markov basis. To that end, we will modify (3) to obtain a short exact sequence
with the property that for every
is torsion free, (5) implies that we may take the sequence (6) to just be (3) after choosing a basis of Cl (X) .
For the general case, fix any basis v 1 , . . . , v n of N . We take
along with the inclusion
By construction, this inclusion has a co-section (by projecting to Z n and using the dual basis). Hence, the cokernel is free, and after choosing a basis we obtain a surjection π :
Lemma 4.2. Let sequence (6) be as constructed above. Then for any
, this is the same as imposing the inequalities
for all ρ ∈ Σ[1] and i = 1, . . . , n. Then
where b = π (a , a). In particular, P (D) is lattice equivalent to P (b) since the sequence (6) is split.
Remark 4.3. From a different point of view, we may obtain (6) and Lemma 4.2 as follows. Let φ : X → X be any toric partial resolution of X so that Cl( X) is torsion free. Then the sequence (6) may be taken to be the sequence (3) for X. To obtain the b ∈ Z q ∼ = Cl( X) of the lemma for a given Cartier divisor D, we take the image in Cl( X) of φ * (D) . The claim of the lemma follows from (5) and the freeness of Cl( X), along with the fact that P (D) = P (φ * (D)). A particular instance of such a partial resolution X → X may be obtained as above: letting v 1 , . . . , v n be a basis of N disjoint from the rays of Σ, we consider the stellar subdivision of Σ along the rays ρ generated by the v i . The sequence (6) we obtain is exactly the one constructed above.
Having fixed a sequence (6) as above, we represent the map π : Z p → Z q by a matrix A. After choice of bases, the matrix A is determined by Σ alone and does not depend on the divisor D. We are now in the standard situation of [S, Chapters 4 and 5] The toric ideal I A associated to the matrix A is the ideal in C[x 1 , . . . , x p ] generated by binomials
with Av + = Av − . We identify a vector v ∈ ker A ∩ Z p with the binomial
where v We will now apply this theorem to obtain a criterion for connected sections. Following [HH] , we call a pair (E, E ) of nef divisors IDP (it has the integer decomposition property) if
is surjective.
Proposition 4.5. Let (E, E ) be an IDP pair of divisors on X, with b ∈ Z q such that P (E ) is lattice equivalent to P (b ) as in Lemma 4.2. Set D := E + E and
If G is a Markov basis for I A , then the configuration (D; E) has connected sections.
Proof. Since (E, E ) is IDP, the second criterion of Definition 3.3 is fulfilled. Thus, we only need to show that the section graph for (D; E) is connected. The vertices for this graph are in bijection with the lattice points of the polytope P (E); this is lattice equivalent to a polytope P (b) for some b ∈ Z p . After identifying the vertices of the section graph with the lattice points of P (b), we obtain that the section graph has the same vertex set P (b) ∩ Z p as the toric graph P (b) G . The latter is connected by assumption on G and Theorem 4.4. We argue that every edge of P (b) G is also an edge in the section graph.
Indeed, consider u 1 , u 2 ∈ P (b) ∩ Z p corresponding to sections
If these vertices are connected by an edge in
On the level of sections, we see that
. Hence, χ m 1 and χ m 2 are joined by an edge in the section graph.
4.3. Further Criteria for Connected Sections. Using the discussion of §4.1 and §4.2, we will formulate further sufficient criteria for connected sections. In the following, X is always a projective toric threefold and H an ample divisor. In dimension three, (H, H) being IDP implies that (X, H) is projectively normal [EW, LTZ, BGNVT] . In particular, for any three-dimensional lattice polytope, the second dilation is IDP.
Proof. As mentioned above, (X, H) is projectively normal. Hence, we can decompose an arbitrary
. By iterating over all indices, one obtains the connectedness of the section graph.
Let Nef(X) denote the cone of nef divisors on X.
Proposition 4.8. There is an ample D 0 on X so that for every divisor
To prove this proposition, we first prove two lemmas.
Lemma 4.9. Fix a sequence (6) with corresponding matrix A. There is an ample divisor E 1 such that for every divisor
is a Markov basis for I A . Here, P (b ) is the polytope corresponding to E .
Proof. Let G be a finite Markov basis for I A . Identifying ker A with M , we may view G as a finite subset of M . For any ample divisor H, there is an integer k such that a translate of P (kH) contains G. Taking E 1 = kH, the claim follows from the fact that
Lemma 4.10. There is an ample divisor E 2 so that for all divisors
Proof. The affine semigroup Nef(X) ∩ Pic(X) has a finite generating set [D 1 ], . . . , [D r ] by Gordon's lemma, where the D i are T -invariant Cartier divisors. That is, every nef divisor class can be represented by a non-negative integer combination of the [D i ].
Let δ := max(C.D i ) be the highest degree of a T -invariant curve C. Combinatorially, this is the longest edge length in the polytopes P (D i ). Choose E 2 ∈ Pic(X) ample enough to ensure C.E 2 ≥ 4δ for all C, e.g., (X) and [E] ∈ Nef(X) the pair (E , E) is IDP by [HH, Theorem 15 and Corollary 16] .
Proof of Proposition 4.8. We take D 0 to be We conclude this section by considering an important class of toric varieties. Recall that the root system of type A n is
where e 1 , . . . , e n is the standard basis of Z n .
Proposition 4.11. Let Σ be a fan with all rays generated by roots of type A n , and let X be the associated toric variety. Suppose E and E are nef divisors on X with E big and set D = E + E . Then (D; E) has connected sections.
Proof. The corresponding polytopes P (E) and P (E ) are known as type-A polytopes or as alcoved polytopes. In this setting, any pair (E, E ) is IDP [HPPS, Lemma 4.15] . Further, every type-A polytope has a canonical unimodular triangulation. The vertices of every simplex can be ordered so that consecutive vertices differ by some e * i , an element of the basis dual to {e i } [HPPS, Theorem 3.3 and §4.5] . This implies that G := {±e * i | i = 1, . . . , n} lifts to generators of the toric ideal of A n . By Proposition 4.5 we see that D, E has connected sections as soon as D − E is big and nef.
Proofs of Main Results
In this section, we will combine our lower bound on the genus (Theorem 3.6) with the discussion of §4 to prove our main results Theorem 1.1 and Theorem 1. Let S be any very general surface in |D|. Applying Theorem 3.6 for the configuration (D; D − D 0 ), we obtain for any integral curve C not contained in the toric boundary of S,
Thus, the only obstruction to the algebraic hyperbolicity of S are the curves C contained in the toric boundary.
For these curves, we may apply Lemma 4.1 to see that they all have genus at least two. Since there are only finitely many of them, say C 1 , . . . , C k , we may thus take
Examples
We now apply Theorem 3.6 to obtain lower bounds on the genus in some specific examples.
a, b ∈ Z where π 1 , π 2 denote the projections of P 2 × P 1 onto the first and second factors. By abuse of notation, we will write D = O(a, b) to mean that D is a divisor whose associated line bundle is isomorphic to O(a, b) . Such a divisor D is basepoint free if and only if a, b ≥ 0 and ample if and only if a, b > 0. We also note that K X = O(−3, −2). After fixing coordinates, we can assume that the fan Σ associated to P 2 × P 1 has rays generated by e 1 , −e 2 , e 2 − e 1 , e 3 , −e 3 , so we are in a situation to apply Proposition 4.11.
Given D = O(a, b) with a, b ≥ 2, we can set E = O(a − 1, b − 1). By Proposition 4.11, the configuration (D; E) will have connected sections. We thus obtain that for any curve C not contained in the toric boundary on a very general surface S in |D|,
In the case a ≥ 5, b ≥ 4 we choose = 1 for H = O(1, 1) to get 2g − 2 ≥ C.H. We use Lemma 4.1 to analyze the curves contained in the boundary of S, and notice that their geometric genera are exactly (a − 1)(b − 1) and (a − 1)(a − 2)/2. In particular, if a ≥ 4, b ≥ 3, S contains no rational curves.
We now assume that a ≥ 4, b ≥ 3. By [BG1, Theorem 4.2] , it is straightforward to check that the Noether-Lefschetz theorem holds for very general S ∈ |D|. Thus, any curve C is the complete intersection of S with a divisor of type O(c, d), c, d ≥ 0. If C is contained in the boundary, then we must have (c, d) = (1, 0) or (0, 1). If C is not contained in the boundary, an intersection number calculation yields
On the other hand, the degree of such a curve C with respect to the polarization
We claim that as long as a ≥ 5, b ≥ 3, S is algebraically hyperbolic. Indeed, we can take the constant to be = 1 a .
For C not in the boundary we obtain
as required. For C in the boundary, we have
as required.
On the other hand, if b ≤ 2 or a ≤ 3, then S contains curves of genus zero or one, and cannot be algebraically hyperbolic. See Figure 3 Example 6.2 (Example 6.1 continued). We continue our analysis of Example 6.1 with a different configuration of divisors. As above, let
It is straightforward to verify that (D; E 1 , E 2 ) has connected sections.
Assuming that a ≥ 4, b ≥ 3, we may use the Noether-Lefschetz theorem for very general S ∈ |D| to conclude that any curve C ⊂ S is the intersection of S with a divisor of type O(c, d), c, d ≥ 0. Assume that (c, d) is not (1, 0) or (0, 1). Then C is not contained in the boundary of S, and Theorem 3.6 shows that
As long as c, d ≥ 1, this is better than the bound
obtained in Example 6.1 by just taking E = O(a − 1, b − 1). Thus, if we know a bit more about C than just the degree, we may obtain more refined lower bounds on the genus by taking configurations (D; E 1 , . . . , E ) involving multiple divisors.
where π 1 , π 2 , π 3 denote the projections onto the first, second, and third factors. By abuse of notation, we will write D = O(a, b, c) to mean that D is a divisor whose associated line bundle is isomorphic to O(a, b, c).
Such a divisor D is basepoint free if and only if a, b, c ≥ 0 and ample if and only if a, b, c > 0. We also note that K X = O(−2, −2, −2). After fixing coordinates, we can assume that the fan Σ associated to P 1 × P 1 × P 1 has rays generated by e 1 , −e 1 , e 2 , −e 2 , e 3 , −e 3 , so we are in a situation to apply Proposition 4.11.
Given D = O(a, b, c) with a, b, c ≥ 2, we can set
The configuration (D; E) has connected sections by Proposition 4.11.
We thus obtain that for any curve C not contained in the toric boundary on a very general surface S in |D|,
We again use Lemma 4.1 to analyze the curves contained in the boundary of S, and notice that their geometric genera are exactly (a−1)(b−1), (b − 1)(c − 1), and (a − 1)(c − 1). In particular, if a, b, c ≥ 3, S contains no rational curves. We now assume that a ≥ b ≥ c ≥ 3. By [BG1, Theorem 4.2] , it is straightforward to check that the Noether-Lefschetz theorem holds for very general S ∈ |D|. Thus, any curve C is the complete intersection of S with a divisor of type O(d, e, f ), d, e, f ≥ 0. If C is contained in the boundary, then we must have (d, e, f ) = (1, 0, 0) or (0, 1, 0) or (0, 0, 1). If C is not contained in the boundary, an intersection number calculation yields
We claim that as long as a ≥ b > c ≥ 3, S is algebraically hyperbolic. Indeed, we can take the constant to be = 1 a + b and obtain
Figure 4. The polytope P (D) for the blowup of P 3 for curves C not in the boundary, as required. For a curve C in the boundary, we have
as required. On the other hand, if a, b, or c is less than three, then S contains curves of genus zero or one, and cannot be algebraically hyperbolic. Up to symmetry in a, b, c, the only cases that remain open are when a ≥ b = c = 3. This proves Theorem 1.4.
Example 6.4 (Blowup of P 3 at a point). Let X be the blowup of P 3 at a point. We take H to be the pullback of a hyperplane, and E the exceptional divisor. These two divisors generate the Picard group of X. The nef cone is generated by H and H − E, whereas the effective cone is generated by E and H − E. A canonical divisor on X is K X = −2H − 2(H − E). We also recall the following intersection products:
After fixing coordinates, we can assume that the fan Σ associated to X has rays generated by e 1 , e 2 , e 2 − e 3 , e 3 − e 1 , e 1 − e 3 , so we are in a situation to apply Proposition 4.11.
The polytope corresponding to D is pictured in Figure 4 (although we use different coordinates than chosen above). Set E 1 = (a − 1)H + b(H − E). By Proposition 4.11, the configuration (D; E 1 ) has connected sections. We obtain that for any curve C not contained in the toric boundary on a very general surface S in |D|,
The curves contained in the boundary of S have geometric genera On the other hand, the degree of such a curve C with respect to the polarization H + (H − E) is deg C = c(2a + b) + db.
We claim that as long as a ≥ 3 and b ≥ 4, S is algebraically hyperbolic. Likewise, if a = 2 and b ≥ 7, S is algebraically hyperbolic. Indeed, in both cases we can take the constant to be = 1 4a + 2b ;
details are left to the reader. On the other hand, as long as b ≥ 1, if or a < 2 or b < 4 then S contains curves of genus zero or one in its boundary, and cannot be algebraically hyperbolic. If b = 0, then S is just a very general surface of degree a in P 3 . This is algebraically hyperbolic by [CR] if and only if a ≥ 5; our methods suffice to show hyperbolicity as long as a ≥ 6. See Figure 5 for an illustration of when S is algebraically hyperbolic. The only cases that remain open are when a = 2 and b = 4, 5, 6; This proves Theorem 1.5.
We can also use our techniques in the case of non-Gorenstein singularities, although a bit more care is required: Example 6.5 (Weighted projective space P(1, 1, 1, n)). We consider the weighted projective space X = P(1, 1, 1, n). This has an isolated, non-Gorenstein singularity. Let H be an ample (Cartier) generator of the Picard group of X; the corresponding sheaf is often denoted O(n).
We will consider curves C on a very general surface S ∈ |D|, where D = mH for some m ≥ 1.
To apply our results, we need to resolve singularities. Let π : X → X be the blowup of X at the singular point. The result is a smooth toric variety X of Picard number two; the Picard group (and nef cone) are generated by the pullback of H (which we also denote by H) and a divisor F satisfying nF = H − E in the Picard group. Here, E is the exceptional divisor of the blowup. A canonical divisor on X is given by K X = −2H − (3 − n)F . For the special case n = 2, we make the important observation that for any curve C in X, if C.(H − 2F ) < 0, then C must be contained in E, and hence is contracted by π. Indeed, in this case, H − 2F is equivalent to E.
Let S be a very general surface in |mH| on X, and S the pullback to X; this is a very general surface in |mH| on X. Since H gives a projectively normal embedding of X, we may apply Proposition 4.6 to conclude that the pair D = mH, E 1 = (m − 1)H has connected sections. Let C be any curve in S not contained in the toric boundary, and C its preimage in S. Then by the projection formula. On the other hand, for any n ≥ 2, a curve in the toric boundary of S will have genus (nm − 1)(nm − 2)/2 or (m − 1)(nm − 2)/2. It follows that X is algebraically hyperbolic if n ≥ 3 and m ≥ 4, or n = 2 and m ≥ 5. If m = 1 or m = n = 2, X has curves of genus less than two, so is not algebraically hyperbolic. The open cases are n = 2, m = 3, 4 and n ≥ 3, m = 2, 3. This proves Theorem 1.6. These examples lead to the following question: Question 6.6. Are very general surfaces of the following types algebraically hyperbolic?
(1) O(a, b) in P 2 × P 1 with a = 4, b ≥ 3; (2) O(a, b, c) in P 1 × P 1 × P 1 with a ≥ b = c = 3; (3) 2H + b(H − E) in the blowup of P 3 at a point for b = 4, 5, 6; (4) O(6) and O(8) in weighted projective space P(1, 1, 1, 2); (5) O(2n) and O(3n) in weighted projective space P(1, 1, 1, n) for n ≥ 3.
